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Abstract. We generate the non-separable state of polarization and orbital angular
momentum (OAM) using a laser beam. The generated state undergoes a cyclic polarization
evolution which introduces a Pancharatnam geometric phase to the polarization state and in
turn a relative phase in the non-separable state. We experimentally study the violation of Bell -
CHSH inequality for different Pancharatnam phases introduced by various cyclic polarization
evolutions with linear and circular states as measurement bases. While measuring in linear
bases, the Bell-CHSH parameter oscillates with Pancharatnam phase. One can overcome
this dependence by introducing a relative phase in one of the projecting state. However
for measurement in circular bases, the Pancharatnam phase does not affect the Bell-CHSH
violation.
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1. Introduction
Non-separability in classical light fields has been studied recently in the context of quantum
information and entanglement[1, 2, 3, 4, 5]. This non-separability is analogous to intra-
system entanglement involving different degrees of freedom of a light beam. However, the
term ”classical entanglement” has received some serious criticism recently [6]. The non-
separability can exist in between continuous or discrete variables, for which the classical light
beams are shown to violate the corresponding form of the Bell’s inequality [7, 8, 9, 10].
One can construct classical equivalent of many exotic quantum states using polarization and
spatial modes of light. These non separable states are used to mimic many quantum protocols
[11, 12, 13]. Apart from the basic interest of demonstrating quantum protocols using classical
light beams, they find applications in various fields[14, 15, 16, 17]. These non-separable states
are shown to be robust under scattering and used to show the phase recovery of a beam after
scattering [18, 19].
When light fields undergo a cyclic polarization evolution, they acquire a geometric phase
which is known as Pancharatnam phase [20]. The phase acquired by the light depends on
the path taken by the polarization state upon its evolution on the Poincare´ sphere. The
geometric phase is generalized to any quantum system under cyclic evolution by a time
dependent Hamiltonian and called as the Berry phase[21]. Entangled states, when generated
experimentally, may possess a relative phase due to the phase delays in the generating process.
One can nullify this relative phase by introducing a geometric phase in one of the subsystem.
In such cases, we need to see the Bell violation, as a measure of entanglement, to optimize
the state corresponding to different relative phases. The effect of Berry phase in entangled
systems and their violation of Bell’s inequality were studied for spin- 12 particles[22, 23]. The
measurement in two degrees of freedom of non-separable state , be it classical or quantum,
is very important for various protocols. Any relative phase will change the measurement
outcome which will affect the efficiency of the protocol. Thus optimizing the measurements in
two degrees of freedom, when the state acquires a relative phase is very important for efficient
implementation of such protocols. Here, we introduce Pancharatnam geometric phase to the
non-separable state in a controlled way and show that a proper selection of measurement basis
can make the Bell measurement phase independent.
In this article, we generate a classical non-separable Bell-like state of polarization
and orbital angular momentum (OAM) of light using a polarizing Sagnac interferometer.
We demonstrate the presence of non-separability by the violation of Bell’s inequality for
the generated state. Next, we study the effect of Pancharatnam phase introduced by the
polarization subsystem, through its cyclic evolution on the Poincare´ sphere, on the violation
of Bell’s inequality. The maximum violation BMAX varies sinusoidally according to the
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Pancharatnam phase when maximized over the set of linear bases. We experimentally show
that the Bell parameter can obtain its maximum value of 2
√
2 irrespective of the Pancharatnam
phase if we introduce a corresponding relative phase in the projecting basis. We also
investigate the effect of Pancharatnam phase on the spatially varying polarization structure
of these non-separable beams. The result give insight to the measurement optimization of
Bell CHSH inequality for a non-separable state under different relative phase.
In section 2, we give a theoretical background for the problem. We are using Dirac
notation for the representation of states. However it is to be noted that the state correspond to
classical electromagnetic fields and also we have omitted the normalization by total intensity
for the convenience of representation. In section 3 we describe the experimental details for
the generation, evolution and measurement of the non-separable state of light. We also give
the holograms for the OAM measurements. The results and discussion are given in section
4. Along with the projective measurement results, we give the Stokes polarimetric images
of the beam for different Pancharatnam phase which can give a physical explanation for the
variation of BMAX and the bases adjustments. We finally conclude in section 5.
2. Theoretical Background
We start with a maximally non-separable Bell-like state of polarization and OAM that can be
written as
|ψ〉 = 1√
2
(|H〉|l〉 + |V〉| − l〉) (1)
where |H〉, |V〉 and |l〉, | − l〉 are basis vectors for 2D complex vector spaces of polarization and
OAM. We define the set of linear bases corresponding to polarization and OAM as
|θ〉 = cos(θ)|H〉 + sin(θ)|V〉; |θ⊥〉 = −sin(θ)|H〉 + cos(θ)|V〉;
|χ〉 = cos(χ)|l〉 + sin(χ)| − l〉; |χ⊥〉 = −sin(χ)|l〉 + cos(χ)| − l〉; (2)
These bases are represented geometrically as blue circles on the Poincare´ sphere of
polarization and that of OAM as given in Fig. 1. The Bell-CHSH inequality is defined as
B(θ, θ′, χ, χ′) = |E(θ, χ) − E(θ, χ′) + E(θ′, χ) + E(θ′, χ′)| ≤ 2 (3)
where
E(θ, χ) =
C(θ, χ) +C(θ⊥, χ⊥) −C(θ⊥, χ) −C(θ, χ⊥)
C(θ, χ) +C(θ⊥, χ⊥) +C(θ⊥, χ) +C(θ, χ⊥)
. (4)
C(θ, χ) is the probability amplitude of a state for being in |θ〉|χ〉. Projecting the state given in
Eq. 1 to a general state |θ〉|χ〉 in the linear bases of polarization and OAM we get
C(θ, χ) = |〈θ|〈χ|ψ〉|2 ∝ cos2(θ − χ) (5)
Using above expression in Eq. 3, one can obtain Bmax = 2
√
2 at (θ = 0◦, θ′ = 45◦, χ =
22.5◦, χ′ = 67.5◦). Note that the maximization is done over states in the linear bases of
polarization and OAM by changing θ and χ respectively.
Now, consider a cyclic evolution of polarization for the state given in Eq. 1 which can be
done by action of half wave plate (H) oriented at 45o with the horizontal, quarter wave plate
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Figure 1. (Color online) Linear (blue circle) and circular (red circles) bases of polarization
(left) and OAM(right) states. H, V, D, A, R and L represents the horizontal, verticlal, diagonal,
antidiagonal, right circular and left circular polarization. |2〉 and | − 2〉 are OAM states
corresponding to the topological charge +2 and -2 respectively. Also |2〉D = |2〉+|−2〉2 , |2〉A =|2〉−|−2〉
2 , |2〉R = |2〉+i|−2〉2 and |2〉L = |2〉−i|−2〉2 .
(Q) oriented at φ′ and another half wave plate at 45◦. Here, the two orthogonal polarization
states evolve as H → e2iφ′H and V → e−2iφ′V . Thus the state becomes
|ψ′〉 = 1√
2
(
|H〉| + l〉 + e−iφ|V〉| − l〉
)
(6)
where φ = 4φ′. The joint measurement probability becomes
C(θ, χ, φ) = cos2(θ)sin2(χ) + sin(2θ)sin(2χ)cos(φ) + cos2(χ)sin2(θ) (7)
which is a function of φ also. Thus the BMAX will also be a function of φ along with θ, θ′, χ
and χ′. Changing φ will affect the angles corresponding BMAX and its value. For BMAX with
θ = 0◦, θ′ = 90◦, χ and χ′ are varied as
χ =
1
2
arctan(cos φ); χ′ =
pi
2
− χ. (8)
The BMAX varies periodically with the relative phase φ. To get back the maximum Bell
Figure 2. (Color online) Choice of measurment bases for OAM in order to obtain maximum
violation for Bell-CHSH parameter for φ = 22.5◦, 45◦, 67.5◦ and 90◦
violation, one need to use different bases for the maximization of the Bell parameter. We
redefine the OAM projecting state as
|χ′〉 = cos(χ)|l〉 + e−iφsin(χ)| − l〉 (9)
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that gives
C(θ, χ′) ∝ |〈θ|〈χ′|ψ′〉|2 = cos2(θ − χ) (10)
One can obtain the same by introducing a relative phase in polarization state |θ〉 too. Now
the Bell-CHSH parameter BMAX is independent of the relative phase φ. The different OAM
measurement bases for different φ are given in Fig. 2.
Next we check the Bell-CHSH parameter by projecting the state |ψ′〉 in circular basis of
polarization and OAM. The states are given as
|θ〉 = e−iθ|H〉 + eiθ|V〉; |χ〉 = eiχ|l〉 + e−iχ| − l〉. (11)
These measurement bases are given as red circles in Fig.1. Measuring the state |ψ〉 will result
the same outcome as given in Eq. 5. Now the joint detection probability for the projection of
the state |ψ′〉 to state |θ〉|χ〉 is given as
|〈θ|χ|ψ′〉|2 = cos2(θ − χ − φ
2
) (12)
Thus with θ = 0◦, θ′ = 45◦, χ = 22.5◦ + φ2 and χ
′ = 67.5◦ + φ2 we can obtain the Bell-CHSH
parameter as 2
√
2.
3. Experimental Setup
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Figure 3. (Color online) Experimental setup for the state preparation, polarization evolution
and measurement along with the representation of the polarization evolution in Poincare´
sphere. L - laser, H - half wave plate, PBS - polarizing beam splitter, SPP - spiral phase
plate, Q - quarter wave plate, BS - beam splitter, SLM - spatial light modulator, CCD - charge
coupled device (camera), P - polarizer, PH - pin hole, SMF - single mode fiber, PMT - photo
multiplier tube.
The experimental set up used to generate the non-separable state and to study its
properties is shown in Fig. 3. We have used a diode pumped solid state green laser (Verdi
10) with vertical polarization for our study. The laser beam passes through a half wave
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plate oriented at −22.5o with the horizontal that changes the polarization from vertical to
diagonal. Then it passes through a polarizing Sagnac interferometer containing a spiral
phase plate (SPP) to generate a light beam with non-separable polarization and OAM. Two
orthogonally polarized (H and V) counter propagating Gaussian beams are converted into
optical vortices of orders l (for H) and −l (for V) by the SPP designed for order |l| = 2. These
orthogonally polarized and oppositely charged vortices superpose at the same PBS to form
the non-separable state.
χ = 0 χ = 22.5 χ = 45 χ = 67.5
χ = 90 χ = 112.5 χ = 135 χ = 157.5
Figure 4. Holograms for different χ for the measurements of OAM states in linear bases
For the polarization evolution we have introduced a Simon-Mukunda (SM) gadget
[24, 25], a combination of two quarter wave plates (Q) and a half wave plate (H) in Q-
H-Q order. A quarter wave plate with fast axis oriented at 45◦ with the horizontal convert
the horizontal and vertical polarizations into right and left circular polarizations respectively.
Now a half wave plate will convert right circular polarization to left circular polarization and
vice-versa. The second quarter wave plate at 45◦ will convert the circular polarization to
the initial linear polarization state. But the evolution on the Poincare´ sphere takes different
path according to the fast axis orientation angle (φ′) of the half wave plate. The polarization
evolution is also given in Fig. 3.
χ = 22.5 χ = 45 χ = 67.5 χ = 135
Figure 5. Holograms for optimizing the measurements of OAM states in linear bases with
relative phase φ = 45◦ as given in Eq.9 and χ = 22.5, 45, 67.5, 135
The measurement in polarization is done by a quarter wave plate (at 0 or 45 for linear
and circular projections), half wave plate (at θ2 ) and a polarizer oriented at 0
◦. For OAM
measurements we use a spatial light modulator (SLM) along with a single mode fiber and a
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photo multiplier tube for the detection. The holograms of the SLM is made in such a way that
it converts the particular OAM state |χ〉 into Gaussian which is coupled to the single mode
fiber (SMF). The Holograms for projection in liner OAM bases for different value of χ are
given in Fig. 4. The hologram for χ = 0 in circular bases is equivalent to the linear basis
hologram corresponding to χ = 45◦ given in Fig. 4. For other values of χ, the hologram
is rotated at an angle χ2 . Fig. 5 gives the holograms for the optimized measurement of Bell
parameter as given in Eq.9 with φ = 45 and for different χ.
To study the spatially varying polarization structure and its evolution with the introduced
geometric phase, we have carried out the Stokes polarimetric imaging of the beam. For this
we image the beam after the polarizer (P) using a CCD camera for the projection to three sets
of orthogonal polarization states. Spatially varying Stokes parameters are measured from the
images corresponding to different polarization projections.
4. Results and discussion
Measurements on a light beam with non-separable state of polarization and OAM give raise
to contexual results. The measurements are similar to two photon correlation experiments in
entangled photon pairs. Instead of measuring one quantity, say polarization, of two spatially
separated photons, here we are performing a measurement in two independent degrees of
freedom, namely polarization and OAM, of the same beam. The measurement in polarization
affects the measurement outcome in OAM. We measure the power coupled to the single
mode fibre after the polarization projection by the wave plates and the polarizer and OAM
projection by the SLM. We vary the θ by changing HWP orientation for different values of
OAM projection angle χ. The curves for the state given in Eq. 1, are given in Fig. 6.The
theoretical curves which follow the Eq. 5 are also given for comparison.
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Figure 6. (Color online)Joint polarization-OAM measurement results for a non-seperable state
given in Eq. 1. Measurements are done in linear bases
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Figure 7. (Color online) Bell-CHSH parameter for different measurement angle χ.
To find the optimum angles for the maximum violation of Bell-CHSH inequality, we
vary the projecting angle from 0◦ to 45 fixing χ′ = χ + 45◦, θ = 0◦ and θ′ = 45◦ . For the
generated non-separable state, we have carried out the measurements in linear (black squares)
and circular bases (red circles) and the results are given in Fig. 7. Theoretically expected
curve is also given in comparison. With (θ = 0◦, θ′ = 45◦, χ = 22.5◦, χ′ = 67.5) we obtain
BMAX = 2.69±0.036 corresponding to φ = 0◦ when measured in linear bases. Measurement in
circular bases with the angles mentioned yields a value of BMAX = 2.79±0.029. The violation
of Bell-CHSH inequality indicates the presence of non-separability of polarization and OAM
present in the beam. This accounts for the contexuality in measuring these two properties of
light. The result of OAM measurement depends on the polarization measurement settings.
The imperfections in the linear bases projection of OAM using SLM and single mode fiber
results in the lesser violation of Bell CHSH inequality. When projecting the input OAM
state (after the polarization projections) by the holograms given in Fig. 4, the center of the
Gaussian mode at the fiber coupler slightly get shifted for different projections which affects
the coupling to the single mode fiber. In the case of projections to circular bases, the centers
of the projected Gaussian mode are comparatively stable due to the circular symmetry of the
different holograms.
We have changed the relative phase φ using the SM gadget and obtained BMAX using
conditions given in Eq. 8. Experimental curve for the BMAX with the phase φ is given in
Fig.8. At φ = 90 the value of BMAX drops to zero, and there is no violation of Bell inequality.
However, the state given in Eq. 6 is always maximally non-separable/ entangled as the other
entanglement measures like concurrence or von-Newman entropy are independent of φ.
We have carried out the Bell parameter measurement with the introduction of relative
phase in |χ〉 to transform it to |χ〉 as given in Eq. 9. The φ independent values of BMAX for
these measurements are given in Fig. 9. We also measure in circular basis for which projecting
states are described by Eq. 11.
With the change in measurement angles as mentioned above Bell - CHSH parameter is
found to be constant with the relative phase φ. The results are given in Fig. 9. Here we don’t
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Figure 8. (Color online)Variation of BMAX with the relative phase when maximized over the
linear bases
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Figure 9. (Color online)Measured values of phase independent BMAX by introducing phase
compensation in linear bases (black squares) and changing χ in circular bases
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Figure 10. (Color online)Polarization structure and the intensity profile corresponding to
different polarization projections for different relative phase φ
have to change the measurement basis, as we have done in the linear case, to maximize B.
So, when projecting in circular basis, one can easily compensate the effect of Pancharatnam
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phase in the Bell-CHSH inequality measurement.
We have analyzed the spatially varying polarization structure with the cyclic polarization
evolution. The results are given in Fig. 10. The magenta and cyan circles show right and left
circular polarizations. Two black lines are drawn corresponding to the diagonal polarization.
It is found that the total polarization structure rotates with the relative phase introduced. We
also give the images corresponding to different polarization projections for different φ. One
can see that the images corresponding to diagonal and anti-diagonal projections are rotated
with the relative phase φ. However, it doesn’t affect the mode structure corresponding to hor-
izontal or vertical projection. For the projection in any other linear state, the mode rotates
with the relative phase. Thus a hologram that is supposed to convert the diagonal OAM state
1√
2
(|l〉 + | − l〉) to Gaussian, will not effectively convert the state 1√
2
(|l〉 + eiφ| − l〉). By intro-
ducing a phase in the OAM projecting bases as given in Eq. 9, which gives a rotation for the
hologram corresponding to the projection onto χ other than 0◦, 90◦ , one can compensate this
effect and achieve the maximum violation of Bell CHSH inequality as given in Fig. 9. The
optimized holograms are given in Fig. 5 for φ = 45.
5. conclusions
In conclusion, we have studied the effect of Pancharatnam geometric phase in a non-separable
state of polarization and OAM. The non-separability is confirmed by the violation of Bell-
CHSH inequality. The geometric phase introduced in the polarization subsystem induces a
relative phase in the Bell like state of OAM and polarization. The maximum value of the Bell
parameter BMAX, maximized over the measurement angles, varies sinusoidally according to
the relative phase. We obtain a constant BMAX for different geometric phase by introducing
a relative phase in the projected OAM state. We also show that the Bell CHSH inequality
measurement in circular bases can remove the phase dependence of the BMAX by shifting the
measurement angle. We have analyzed the polarization structure of the non-separable state
for different Pancharatnam phases which gives a rotation to it. This physically explain the
effect of Pancharatnam phase in the joint measurement of polarization and OAM.
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